Plan for today :

Yiqi Lin
o lim sup & lim inf 6110 Section H2
o CONtTNUOUS Functions 09/10/2z\
« Open cover examples
o COnvex sets
e lim Sup & i Tnf
Def | The limit superiov of Xn is lim Sup %, = lim sup{Xan: nzmj.
N2 e0 Mm-aco
The limit infevior s MM Inf Xy 1= 1M nf{Xn:namj.
n-= o9 m= e
One way 10 intevpret this definition is +o define o sequenc :
Y = sup{dn:n=zm]}, the sup of the tail sequenc X ), -
Then 1S4y, = lim g ' So lim Sup 0f Xa is just the limit of

the Supvremum pf the taml of the sequéne AS we move fuvthér
into the tauls.

. "t
E9| Xn= 1. e
\ [}
What's {Xa: Nz m] 7 Tm, me, ]
What's Sup{%n v, my? Xm‘-’-);\
what's 1w S\APan:nv,m}? = lim %, = lim L - g
ma» m- e M-

T4 100ks like limYn & lim Sup Xn QW& quite Similav, but they ‘re
actually diffevent. Take , for example, X, = (-)?

W¢g know Xn Aoesn't converge. But Ym = supix,\; vw,m] actuall4
behaves ni@: Yo = | ¥ m ' (If You've not convinad, wrire out
& ouple verms of Y, )

So \im sup dn = tim Yy,
N300 m= po

= 1.



e Continuous functions

Proposition 21. Let f and g be real-valued functions that are continuous at xo, and let k € R. Then the
following functions are all continuous at xo: (i) | f|; (ii) kf; (iii) f + g; (iv) fg; (v) f/g, if §(x0) # 0.

{+g9 .

f& 4 ave Continuous at Xo -
we have v %;70, 38 v IX-Xo| <5 = | £ - F 0| <-§-

Sz I%x-% )\ <$, = |9 —‘fl(io)“%.
Take § = m'mgls., 82§ 7 Relate

these ?
WTS: [%-%o|< § =2 |FOI+3() = (F(x)+90xa) | € € N

|00+ = F(%) -G(%a) | & | FOI-F(xo) | + |9 - 300 |

(3 ¢ _
<z +7 = ¢

Sowe have ¥ €20, 3 § <t [%-%|<§

= [ f+3) - £) - g0 | < €.

49 : This One is vevy similar to the proof fov  If An-a, ba-b,
then Anbn = ab." See Iast Friday's (9/3) section notes.
f& g ave Continuous at Xo -
Ve 20,381 st IX-%o| <§, = |0 - foa)| <€
§2 [%-%o\ <8, = |90 -9 | < €.
Take § =mint§i, 5.3,

WIS : ¥ €70, 3§ st [X-%|<§ =2 | F1J) - F(X)9(xar | < £

| £ 40) =~ F0) I (%0) + £(x) V(%) = F(%0) G(%0) |
< [ FIM) - £ |+ | Fx) G x0) - (X1 (%o |

= 1130 -9 | + [ || £ - €xa]
T e e



Like last time, we need to Find bounds fov [F(x)| and 90|
How do we Rhnow |f(x)| 1s bounded fovr X St IX-ol < §7

By continunity of £ ! We have [fM- )| <¢' ¥ X St |x=Xo|<§.

So lSU\P\ | )| = m exists. We can choose M >0 st |9(xa)|<m
%-¥a| < §

| £ 9&) = £F(X) 9 (x0) + £ (*) (%) = F(%)A(xo) |

L

< 1FX) 130 -9 | + 1o |1 €00 - £(x0]

<M <¢ <M <¢
< 2Mme’ = ¢

So we have ¥ £¢-0, take a‘:fﬁ—“, then 3 8 st |*-%o| <§

=) | FNIN) - F9xa | <&

%; idea of proof : Show if g s cont. at Xo. Then 73 is

cont. at Xo (4(%.) ¥ 0). Then immediately conclude F-(%ﬂ
is Ccont. ot Mo Sine both £ & (g) ave cont. at Xo.

Ov yow Can pvove this divectly using §-¢ def.

e Open Covers & topological COmpactness.
De ¢

An opewn covev iU\,\E for a set A< R® is a collection

0f open sets Un Whose union contains A: A C (U Un
n

E-9| Consider A =R', the veal \ine.
Then one Open Cover would be § Uaz ('“'V\)}

neiN
o
sine (J Un = (-1, 1) U (-2,2) U(-3.3) U - SR
n=\
-2 -\ \ 4
( ( \ ) R
\ C o J) 7



Def| Toboloqical compactness - A is compact if every open cover
of A has i finite subcovev.

Q:Is IR ompact? No' Can't find a finite subcover for Un=(-n,n)

Def | Sequentially compacengss . A is sequentially compace if

evevy sequenwe has o convergent subsequence convevging
toa bt in A.

Topological compaciness <=1 sequentigl COMpatness.
And in Eacliduan spad, we have o nice Thm

Thm| Sev A ¢ R" s sequentially compact 1 it's closed & bounded

E.9.| A= [-123,321]

Is i""‘z(""'“)]ln awn open cover ! Yes.
322

Can You Find & finite subcover’ ium}n:' '

~123 v>3 L
' L ' Y
-3 -\13 321

Eq.] A=(0,1] Find an open cgver 0f A that doesn‘t have a finite

Subcover.

Take Un = (%,2) , n=1,2,~. Then U un=(L2)U($,2)U - Contains
n=I

A. But theve's no finite subcover!

,L _ \

n < oo
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e Convex sets

Def| The coavex hull CH(X) 0f a set X € R* is the smahest
convex set contmning X.

Ex.| Pvove that the ntersection 0F all convex sets contarning X
(denoted §) Ts CH(X).

If we want to Show S = CH(X), we need to show S € CH(W
and CHC S,

Sine CHG) 15 One of those convex sets that contaan X, weg have
S € Chl().

Sin@ § is 0 Convex ser containing X, andd CHG) is the smallgst
convex set contamning X by definition, we have CH(X) € 5.

=) § = CHW).

Proposition 3. Let X C R" be convex, {ay,...,an} a set of m > 1 real numbers € [0,1] such that
it = Land x5 505 xnF € X Then Yoty o €. X,

Proof 0F this 18 by Mduction:

Rase case: m=12

Take %, % e X, €[0,1). Then X+ ()%, € X sin@ X Ts Convey |

Induction step -
R
Suppose Z diXi e X holds for m=k 2, WTS this holds for m=k+l.
(=
k+\ et

We have Y= S (¥, =& =\ and we WTS YeX.
i=l

i=\

1l

% X)) 4 R K, — Looks like A convex Combo of

2 pargs !
= (- 01lw) + &kuxku
\//h. o ok .
Note %W = | jwa T%&i 4 g, =\ = _2-‘&; = 1= Ry,

k
And +he tnduction hypoihess Jives S % € X.
iz\ U‘“ku\



Then h t w 1

" t we end up w 1s a Convex combo of 2 elements € X
=) _2'&04: € X,

(-3



