Yigqi Lin
6130 Section #5
Quick sketan of what we've covered so fav 04/13/ 2\

Module |
o Sup, inf, Completeness axiom of IR, Archimedean prop.
e SEquenus, Convergenw of sequenus
- bounded sequenas, monotone seq,
o Subs€quenwes
« Bolzano - Weiersirass Thm
o (lim sup & lim inf (sz))

Modu(e 2

o (auchy sequends t0pol0gi cal

7
L J . / ‘ 0”\
Sets ..09en closed, Compact ~ sequential
* Heing - Borel Thim
+ Bolzano - Weierstrass Thm (Hw3)

o Continuous functipns : sequential, §-¢ def.
« EVT & IVT

Mmoduwe 3
e Convex sets
o CONVeER hul\
* Cavatheodory's Thm
* Sepavating hyperplane +hm (weak & §trong)
* Supporting hypevplavg thm
o (Amasi-) concave / convex func.

General tips : O Stavt wi the ofinition'
@ Write down what's Jiven & what you need to show.



EVT| £:(a,b] 9 R cont.. Then £ is bounded and atains its max on
(a,b).

(® Show F is bounded on [a,b]
Suppose § is not bounded on [a,b]. Then ¥ NN, 3 %n€(a,b) st
[fCWm) | > n. Take +we seq, Xn. Sine [a,b] is bounded , Xn has a subseq,
Xn, = Xel[a,b) :

Sequential continuity of £ Jives Xn 2 X = £(Xn) = (%)

But we have ¥ nge IN, [(*n )| 7 Nk

Convmdiction. So ¥ is bownded.

(&) f adains 1s max on [a, b]

Sine we Rnow f is bounded, M = sup‘ﬁ(x) : xe[a,blﬁ exists (by the

completeness axiom s also note that M may not be 1n vange () fovr
bounded  1n qeneral -

| @ QS‘Q MDtO te

0

We want to show M is in range () -

Sin@ M s the sup, ¥ €50, 3Y,€La.b] s-t. £(Y,) 2 M-¢. Take € =14 neN
construct & Sequen® Y, €La.b) st €(Y,) 2 M -4 Take limit as n- o on
botw sides, thew lim £(4Yn) = M. But we also have £(Ya) € M ¥ n

Sing (a:b]) s bounded, B-W says Yn has a convergent subseq,
Yn 29 € La,b]. By sequential continuity of £, £(9n, ) =2 £(4).
But £(4Yn) & F(Yng) bovh converge =) £(4Y) = M. So M is aHained .



- If £ & 9 ave concave on X, +hen F+9 also Concave on X.
Start w/ Aef: ¥ X, % €X, Ne(0,17, £IONG+(1-N)¥2) 2 MK + (1-A) F(Xy)
GO+ (1-N)¥2) 2 AGOK) + (1-0)9(x,)

WTS. £(N +(EAX2) + F (A + (X %2) 2 ACF() + 9 o)
+ (1-A) (F0x2) +9(x))
[(F+a) O+ %) 2 A[Fea] () + (N [F191(x)

Concave Concavg Concave hOt Concave cov.vex
concave
NOv [CONnvEeX
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quasi-concave § : Quasi-convex § :
¥ Xi,%2€eX, Ne€(o,1], ¥ Xiu,x2eX, N€(Co,1)
LONK+ (=A%) 2, min (FO0), £ LON+(-N%) € max {00 | £ (k) )
Quasi- concave £ (%) QUAS: - CORVeY G (x)
{
|
o )
Xy :/w Xy, %
Note ‘hat §(x) is quasi-concave 9(x) TS quasi-convex but not
but not conave (fails at % & % convex .

and any A\ € (0,1)).



Ex.| If f1is convex, then ¥ r R, the set A={xeX : f(x) cv] is
Convex.

4
How did we defing convex func in class? “§ is convex if -f 1s concave.
This 19 eqmivmlewt t0:

£ Covex : ¥ %, %2 €X NeE[0.1], FIM*(-A) %) & M) + (=N 1 (%)

WTS: ¥ X,% €A, ¥ Xelo 1], X +(-NX €A
(= ¥ Xi, Xz St F(0) € v, §(%) v, we have FAG+(-N)%2) £ ¢

We kRnow from convexity of ¥ :
MG A N XZ) € NFOO) + (N (x2)
SAF 4 (KN =¥
=) NN +(NX € A
=) A is Convex



