1. (bpts) Let f:R—Rand g: R — R.
Let h = fx g, i.e., h(z) = f(x) * g(z) for all z € R.
If f and g are continuous, prove that A is continuous.

Note: Prove it directly using the definition of continuity. You
may not simply cite the proposition in the notes that states this result.

f& 4 ave Continuous at Xo -
¥e'20,38 sit. Ix-%| <§ = |0 - fa)| < &'
Sz [%-%) <§, = |9 -9 | <€,

Take § =minf§., 5.3,
WIS : # €70, 3§ sv [X-%|<§ =2 | FNGM) - F()90x) | € €
| £ gx) = £ 9 (%0) + £ (x) A(%0) = F(%)A(X0) |

< | FONI) = £C0Ga) | + | Fx) F o) = F )T (Ko |

=NF)) 3N -9 | + |G || £ - £(xa)]
<¢ <¢ ¢ x
Like last 1ime, we need to Find bounds fov [F(x)| and (9| /,\

How do we Rhnow |f(x)| 1S bounded Fov X S.t- IX-Xo|l < §7
By continuity of £ ! We have | fX-fo6)|<¢" ¢ x S-t-
So SuP £ = m ewists. We can choose M >0 s.t. TT0ka <M.

XX\ < §

| £(x)90) = £ (%0) + £(x) T (%) = F(%0) (x|
< IF3M -9 | + 190 || £ - €xa

<M <¢ <M <¢
< 2Me' = ¢ 2
So we have ¥ £¢70, take e‘:%\, thew 38 st [ X -] <§

=) [ f0IK) - Fx90a | <.



2. (5pts) Let X C R* be compact and suppose that f : X — R is continuous.
Prove that f(X) is a compact set in R.
Note: Recall that f(X) = {f(z)|z € X}.

We use Heine-Borel/Bolzano-Weierstrass, which says a set is
compact iff it’s closed and bounded.

You can directly use the extreme value theorem to show that f(X) is
bounded because it attains max and min.

If you want to show this formally, suppose f(X) is not bounded. Then
Yn € N, 3z, € X s.t. |f(zn)] > n. Take the sequence x,. Since X
is compact (hence closed and bounded), x,, has a convergent subsequence
T, — x € X (by Bolzano Weierstrass and closedness of X). By sequential
continuity of f, f(x,,) = f(z). But for all ny € N, |f(ay, )] > np =
f(ny,,) — oo. Contradiction. So f(X) is bounded.

To show f(X) is closed, take any convergent sequence y,, € f(X). Then
yn — y € R. We need to show this limit point y € f(X).

For each y, € f(X), there exists a corresponding z, € X. Since X is
closed and bounded, z,, has a convergent subsequence z,, — x € X. By
sequential continuity of f, f(zn,) = yn, — f(z) € f(X). But limy,, =
limy, = y= f(z) € f(X). Hence f(X) is closed.

Finally, closedness and boundedness of f(X) give us f(X) is compact.



3. (5pts) Suppose that f : R¥ — R is convex.
Let ay,...,a, € [0,1] be such that "1 ; o = 1.
Let z1,..., 2, € R”.
Prove that f(3 1, asm;) < Yoi ) aif(z).
Note: This is known as Jensen’s Inequality.
Friendly reminder: f is convex if f(azx+ (1 —a)y) < af(z)+ (1 —a)f(y)
for all a € [0,1] and z,y € R*. -

We prove this by induction.
Base case: n = 2 is taken care of by the definition of the convexity of f.

Induction step: suppose f(> , aix;) < >0 aif(wi), Doy =1
holds for n =m > 2.
Consider n = m + 1.

m—+1

f(z a;x;) = f(z QT + Q1 Tm1)
i=1

i=1

m o
= 1—a,, — % + Q1T
m a
<1 =am) ﬁxi) + amir f(@ms1) (1)
i=1 m
m @
< (1= amq1) Z mf(mz) +ami1f(@me1) (2)

i=1
m—+1

= Z i f(z;)

where (1) follows from f is convex, R* is convex and module 3 proposition
3; (2) follows from the induction hypothesis for n = m.



mars § , 9 = £ (£49) + 2 1£-3).

4. (5pts) Suppose f: R — R and g : R — R are convex. Let h = max{f, g},
ie., h(z) = max{f(x),g(x)} for all z € R. Prove that h is convex.

Convexity of f and g gives: for all z and y € R and « € [0, 1],

flaz+ (1 —a)y) < af(z)+ (1—a)f(y)
glaz + (1 —a)y) < ag(z) + (1 — a)g(y)

It follows:

max{f(az+ (1 — a)y),g(azx + (1 —a)y)}

< max{af(z) + (1 — a)f(y), ag(z) + (1 — a)g(y)}

< max {a max{f(x),g(x)} + (1 — o) max{f(y),g(y)},a max{f(z),g(z)} + (1 — @) max{f(y),g(y)}}
= amax{f(z),g(x)} + (1 — o) max{f(y),9(y)}

Hence h = max{f, g} is convex.



5. (Extra Credit: 2 pts) Prove that f(x) = 2% is continuous on [0, 00).

Hint 1: When showing continuity at xzg € [0,00), treat the cases where
xo = 0 and xg > 0 separately.

Hint 2: Note that x — x¢ = (%5 — 2J:5) (205 + 205).

Case 1: 29 =0

Foralle >0, =€?st. |z -0/ <§ = [20° - 0%%| =295 < §°5 =¢.
Hence f(z) is continuous at 2o = 0.

Case 2: 29 >0
For all € > 0, 3§ = € - (23-®) such that
|z — x| <0 =

|x0'5 - 1’8'5| _ —$0|

Er
0.5

) B g

= € =
20-5 +z85 20-5 +x89

<e€

Hence f is continuous on [0, 00).



Ex.| If f & 9 are continuous at Xo. Then % is continuous ax Xo(9(x)#0)

“w - ' - "
Let's first show 7€ 9 s Cont. at %o, then g is cont.

9 is cont Ak %o : ¥ E€%0, 38§50 st [x-%l<c§ = |IX)-9xI< <.

Ix) _\ Ix) L

I T s (G0 LI L. -
I3 - 3aa | = 1560 30 ~ 3 360 | = | seaaw@ | 130+ 90|
Neet to find a bound fov |6;(x)| <%

Note although &) s locally bounced by (1)l -€, |G(%)l +¢) over
x e By(%), we Adon‘t know the magnitude of ||qom\-g,| and

SO o't say |gﬁ)| < |m|

A clever way 0 find a 0cal bound :
© for €=2[9(%)|, 28, st [¥-Xol<§ =2 [N -90%0) | < 2 [G0x0)]
and here we can say | ’—" -
J |‘5(>0| < 119eal-¢ 29|
@ Take any & >0. For this €, choose ¢'= %ﬂ()(o)’: Then 3 62 st
| X - %o \ <$. = lﬂ(x) - 9J(%0) |< %3()(0)1

Now. fov any £-0, take § = min{8. 8.} Then:
I _\ Ix) |

A _ L - _ W i
lg(x\ ‘j(xo\\ = |9(xa\ IR 9 90

= | ﬂ(xo)l%(ﬁ) | 130x) “3&)\

\MG by @
¢ 2
© —_— Ko = X
él%(‘o)lz 2 %( \ i

£
Then, Sine £ & g both cont.art xo, So is -3 = 3.

Lemma| Xn = x iff ¥ subsequenw Xng | I3 sub-subsequenw Wn% - X.

3

If . ¥ Subseq, %n, , 3 xnk,_ -2 X =2 X, %

Suppose Xn ¥ X. Then 3 €50 sit- ¥ NelN, 3 n> N 5.t [Xp-x] 2 &



ANyt st X -xlze

A s> maxiz, Mg st [ ¥n,-xl 3¢

Construct o subseqenw %n, by Aoing so. Then ¥ Sub-subsequenc A, ,

We have ¥ N € IN, ng > N bug | %, - X| 7, ¢ =) %Xn, doesn't have
a Convergent sub - subsgquenw. Contradiction.

"OIM\‘T{“; Xn—?x ‘-‘—-’) V'XV\K = Xﬂkb—? K.

Follows from : “If & sequenk converges, then every subsequune convevges
10 the same limit." (Moduie |, Ex.24)

Xn 9% =) ¥£350,aAINEMN st. 5N = | Xa-%| <€

Let Xnp beg any subseq. Then N> N = \xnk-x\ <



