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Clavificatiomn on HWe6, Ex.§.

Proposition 15.[A singleton-valued correspondence that is locally bounded is upper semi-continuous if
and only if it is lower semi—continuougif and only if {the function is continuous.

You need t0 show T¢ ¢ Ts singleton -valued & locally bounded,
then ” whc is equivalent to Lhe” TF€ “@ 15 associated w/ a Cont.
func.”

Note that Pvop 13. (which You'll pvove in Ex.4) already tens Yon
if ‘P is singleton-vaiued” then Lhc (=) assoaarion w/ a cont £.”

Proposition 13. A singleton-valued correspondence ¢ : X = Y is lower semi-continuous if and only
if it is associated with a continuous function f. If it is associated with a continuous f, then it is upper
semi-continuous.

i 4
What's left is to show Uhe <=7 Assouarion w/ a cont f.
using the additional assumption that ¢ is locally bounced.

What we didn‘t finish last time -~

Thm| Lev §: Xx(®E 2 R be a func, d: ® 3 X a covvespondancs.

Consider mMax  £(E,0).

-Zéd?(e) “ policyy func” if single -valued
P
Let ¢: @ 2 X defined as o(6) = arg max £(2,0) , and £*: (B - R
, ‘value func” 2ed(o)

be defined as F*(e) = sup{f(2,6): zed@©)].

If we assumg :

O X 1is closed.

@ f is cont. in (Z,0)

@ ¢ : @ 3 X is wont, nonempty-valued and locaily bounded.




Then we have :

O o: @3X isa nonempty -valued, nhe and loaally bounded corresp.
@ f*: ® - R is a cont. func.

Question : Is © Lhc 7 Not ne@ssarily |

Take @ = X = [0,1) Ccosed) . £:Xx @ =R tobe £(x,0)=x0 (cont.)

Suppose ¢: @ 3 X is $(0) = [0.1] ¥ 6 (constant coviesp. and henw
both uh¢ & Lhe 5 good exevuse to show) Obvious 10 see @ Ts
nonempty & Llocally bounded.

So the thm of maximum applies.

For any e, o(e) = arg Max x O

X € $(0)
{f_o,n] iFe=0
= Qv MAax =
(6 Xé[o,l]xe ‘ T'F 9 2 0.
I
©

0

Not Lhc. Take On=~4.9n>09=0 and Y=0 €0(0). v Y,c o(6.),
Yp =1 (Sine ©n=0 ¥ n). S0 h0 Yn€ a(Bn) converges +0 Y=0.

Prop| Let £: Xx® 2 IR x @: O 3 X satisfy the asswnpiions in
Berge's Thm. 1f we also assume f is quasi- concave in X
& ¢ is convex-valued, then the solution C(orresponoenw

0: @ 3 X 13 convex valued. If £ is strvictly quasi-concave
then o 1§ singleton-valued.

Proof . Fix any €@, f(%6) is quasi-concave 0n X
(= ixe)(: £(%,0) 7 v} is convex ¥ re R (by module 3, Ex.8)



In particuiav, A= {xeX:f(x,0) » max vF(z,e)B is convey.
2e ()

Sine $(0) = SlxeX: X e d>((9)} is convex, d(O) N A s Conwex.

But $OYNA = gL><éd>(e).- f(x,0) = max F(z,e)?g =6 (o).

zed (o)
Henw o is convex -valued.

If in addition, f is sirictly Quasiconcave , buy 3 X, Xz € (6)
St X% X2, Then take any o € [0,1] . % + (1-3)%2 € a(6).

But (X +(1-3)%,8) » min { £0x1.0), £, 8} = F*(0). Contradiction

Ex.

If f X 9 ave differentiable at X & 3(X) $0. Then &

9
is differentiable at X and (%)'(x] = £33 - £9' )
Ix*
o - £ o fH _ £
9 - g™ = 35 T 9m
_ 9 - ) )
J(HY(x)
£ - £ + £()(% - 3O £ x)
= 3 (+) 9(x)
g [F) -] - Fx [0 -9
= J93x)
T AR () - 9 (x
lim 7 (t) g(") _ lim | [ ) {0 - £ _ F(X)j " )]
b t-x toX I () 3x) t-X
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