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Constraiined OPtimization w/ Inequality Constraint

(%)

Let £: R*" > R and 9(¥N : R" > R"™ Considev Max £ s-t g <Y (%elR”')
(ie, we have m constvamts . 3 N<Y,, -, JmK £ Yn)

Constraint qualification

holds if for any feasible X € R", the set

of veciors ﬁ.Dq-\(x) : 2i(¥) =Y; ] is linearly Mdependent.

Exevase fvom class: T@: ifm>n, then CQ doesnt hold ¥ xeR”
Take m=2 , n=\ . f(X): Iogx/ (a‘(x)z -X <0, %Z(x) :XL5 Y

Obviously the CQR holds for x =2,

W which case iD%.(}(\ %i(y.)::‘j;} = i_D%z(%)‘k = i[ZX]‘x:z}= i[“"]‘k
set 0f lineavly mdependent vector in IR,
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FOC| 1€ at x ¢ R" and some N€ Ry , V(X)) = NDJ().
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Then we Say the FOC of the constrained optimization prob # holds ax
X w/ A.

CS

holds at X € IR” w/ N €ER™ if X\ [%;—ﬂ;(x)} =0 ¥ iedl - m)

KKT| Newssawvy Conditions for Optimality

If x*e¢R" solves ¢ and CQ holds at X*. Then 3 A* e R st. FOC %
CS hold a4t X* w/ \*

Suffident conditions

1€ § is concave and each 9; is quasiconvex fov ie L1, -, mj.

If & feasible X* € R" % some N € RY satisfyy FOC X CS. Then x*
solves 4.



Constrained OPtimization w/ equality Constraint (2 #)
Let £: R" 2 R and (N : R" 2 R™. Consider max 04 St 9=y (4€R)
(i.e, we have m constvamts . 3N =Y,, -, Jm& =Yu)

A avologue to KKT

Lagrange's Thm| Suppose that x* ¢ R” solves ¥ #. If the set of

vectors (D3 (x*) | izt - m‘] is Lineavly independent. Then 3 A* ¢ R™
st. the FOC holds at X* w/ \*

Q: What's +he diffevenw between CQ v KKT & the Lagrange coud?
Eq, fiIRAR , £(x) =X & 1 equakity Constraint : J(x) = 4x = 4

(=) Mmax X St 4Yx =4 = X¥ =\
%

ibﬁi(x*) \ 1=|,---,m.2) in this example 7 (4] ! which s linearly
independent in R.

Rewrite this equality Constrained problem n nequadities.

(=) MAX X St 4YX €4 & 44X <-4
X o~ A~
3.0 4,00

Do the 2 inequalities bind at X*¥=1 17 Yes!

what's §0% (%) | 3ix*) =9:] , the set for CQ n KKT? 14,4}
N— —
Lineavivy
Aepenclent !

In geneval, i{f we have m equality constraints, we’‘ll have a2m

binding mequality constraints in the KKT framework (2 weq. for

eachh 1 eq- Also note that the gqradients of these 2 neq. will be

the negative of edch other, henw Linearly dependunt.)

What the Lagqrange cond. does is 10 get around CQ by eliminaling
half OF the 2m veq, gradients that ave (007, going to be lin. dep.
Tf included , leaving the M ones that will likely be Lin. indep.



Exampie (adapted from Juwe 200l micro & pavt Iv)

Consider two individuals, | & 2, Consuming 2 qoods, X & 4, w/ the
folowing wuiility functions .

A neqative extevnality from pPerson 2 's COVISWV\;U%

\ of 900 |
<4

£2(%2,4,) = (X2y2) 2 (Hais satisfies Inada cond.)

Each wdividual is endowed w/ | wait 0f each good. Let the Priw
0f good % be | And the Priw Of Y be P>0.

Defn : & competitive equilibrium allocation (X, 4¥), (x3 ,43))
and Pvie P* fov this economy is the solution t0 the 2 Consirained

opitimization Prob: 41 (%1, 42
T
) max £'(x,4,) st %X + PY < 4P
X1, 9 02 (%2, %) (n=2,m=1)
. /\/\_/\
(2) max £ (x,,4,) st X+ PY, £ 4P
%, Y2

and mavket cleaving condition holds given P, x* + %7 =2

Y +4yr =2

Q| Check the objective functions ave concave , and the constvaints
' (%, %) = X+ PYy, X A% (%o, YU2) = X2+ PY, ave QUASTCONVEX.
f‘(x\;‘ﬂ\) =X\_T%L is “V\eﬂ\/@

£5(% Ma) = (X242)%  check the hessian H(x2,9.) s NSD
2
¥ (%, %2) € lRiluu.\,’,‘ﬂ checking all prinapal
minors Of H (X, 4.) have Sigwi (-A)K ovr

=0.
2 ,_:-_ 4 _4
VFL(‘M,,‘M.) = [ '% X2 9, 'zLXzL%zz ]
™ b
3 T3
‘—\‘.1 (X;, \1;) = - q Xz \jz 4 xz “Z
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ist ovder: A< 0, d <O
) - LV A Ay =
2nd Ovdhev : ad-bc = Te *2 ‘11‘ - gbxz 4, = 0

=2 £% is concave

Both 4' % 4* ave linear so they've covex & thevefore quasiconvex.

Suffideat conditions @
1€ £ is concave and each g, is quasiconvex fovr ie {1, -, mj.

If & feasible X* e R" x some N* € RT satisfiy FOC % CS. Then x*
solves 4.

Q2 Solve (1) x (2) by finding feasible (x;¥ a:‘*) ) )\3*‘ > 0 fov
individaal § =12 satisfying v S \33*) - )\3" DA (x¥, 4.%)
¥ N (P-4 ") =0 (or doing something else - )

For iwndividual 1 : T“x X1-YYz st X+ PYy £ \+P
W2y 1)

FOoC Qes: (1 0) = N[ P we imediately see that §§l N0
that satisfy Foc. Note that this is not in conflict w/ the Suffident
cond. Heve we actually have a corner solution .

Note that 1's utility does not depend on consuming qood Y.

30 X * = (+P and Y¥ = 0
(A\te\mmweM ) YoM can solve (1) by vnoﬂ\r\% that the constvaint

X1+ PY, & 4P 15 effectively the same as X £\t P Sinw Y, doesw't
mater. Then we have n=\ & m=\.

Foc qves 1= N and cs qives N (4p-%x) =0 =2 * =1+p)

2
For individual 2 : max  (X242)°  sit. X2 +PYz < L+ p
le%l

. 4
Foc: [Lxa7 $x2u*] = N2 [0 p)



Note the BC will bind sin@ §* s strictly veasing in both Xz,9.

So Y2+ PY, = 14 P and €S: N, [ 4P - (x4 9Y;)] =0 holds ¥ Az %0
By Inada cond-, we know X220 & Y, 20 = A, 70 by FOC

LyHys

2 X2 9, B Nz (= ‘j“J_
4 _4 - PAZ- XL—P

i 2

L)

z %2 J2

B(:%2+4PY, = 14P =72 Y4, = (4P) - Xz

P
(WP) =Y 4, _y ¥ _ &P ® _ 1L
Sl Tl e L AT
ljz*=—‘+P
2P
How to solve for P 7 Use mavket cleaving !
+
¥ =2 = l*P+%> =) P*=l‘3
som CE, [x*=3, 4* =0
" *
Xz =% Ldz = 2

4

Q3 For what values 0f Y is the above allowmtion PO ?
Defn (X%, X{"‘,%."‘,‘s:) is PO i€ 3 st this alocation solves

i
(3) mMax Xi-YY, St (%242)* %

z -
(o -(%2%) ¢ -n)
x"le%h\‘v\l

FOov now let's take . as given. Sine we know BC / feasibility constrawnt
will bind , the constraingdl Pvoblem above 1S the same as :

EY
max (2-%Xz2) -TY, St -(2%)" ¢ -a

Xl/ \51 Yo & 2

Y. & 2

—

Note that now we're assuming (%%, %5, 4%, 4;) from Q2 Solves (3)
and want t0 back out Y that makes 7 so.

Whati A0 we want t0 use then? The newssavy condition !



KKT]| Newssavy Conditions for Optimaity
If x*eR" solves ¢ and CQ holds at X*. Then 3 A* e R st. FOC %
CS hold At X* w/ A*

poes CA hold at .

Xz = *

*
X"’%l\j‘*zo’)
3,0 -

4

) k) call +hege values m*
Binding constrants :

x % \2 _ — LydaT dyzy"%
@ (x2%:) = u = [ZXZ 9. z %z Y% ]|x-x*_£
1'2-3
%z:\jfzz

= [081 0.21)
® wi=2 = (o ‘3\‘6;“1:‘:2 = [o1)

Appavently [083 021 « [o l} ave lineavly indep.. S0 we Can
use KKT newssavy cond. !

want t0 find nonneqative X* =L NI A% AF) st the FOC & Cs
hold ax m*

CS: M(-u+ ("?-‘ii)t) =0 =2 N7 0 sin@ n = (Xz*‘iz*)t
*
)\7_(2-)(;) =0 =) AN =0 sne 2-)(:: X O
* * ) -
)\3 (2-\37.\ =0 = )\3 7,0 Swvile 2 = b&z

fFocC
! T,-% -0-83 -0-2
R L 081 -0
-t -¥] =N | 0 = A Il o
0 \ e o |

Ko from CS.
S\ = -0.51N +@ = 132N = N*-- 45
< i Y= =02 i+ M5 = g = 029(L16) - Y
=03%3-Y >0
=) Y £ 0.3%
Note that You done need to solve Q3 numerically ! I'wn doing this



Just 10 make the Exampie nore concrete -

Infact , 1€ you A0 1 algebraically You'll get exactly Y < p*:-'; |
The wtuition s, individual | doesnt want individual 2 t0 consums
dqood Y4 ( bc of the -YY, tevm in £': negative externality ).

But if the benefit 0f selling gqood Y (p*) is qveatev the neqative

impact [/ cost of doing s0 (Y) | indiv. 1 will be willing to sell and
the CE in Q2 holds.



